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Abstract
We study the holographic dual of a massive gravity with Gauss-Bonnet and cubic
quasi-topological higher curvature terms. Firstly, we find the energy-momentum two
point function of the 4-dimensional boundary theory where the massive term breaks
the conformal symmetry as expected. An a-theorem is introduced based on the null
energy condition. Then we focus on a black brane solution in this background and
derive the ratio of shear viscosity to entropy density for the dual theory. It is worth
mentioning that the concept of viscosity as a transport coefficient is obscure in a non-
translational invariant theory as in our case. So although we use the Green-Kubo’s
formula to derive it, we rather call it the rate of entropy production per the Planckian
time due to a strain. Results smoothly cover the massless limit.
Keywords: AdS/CFT duality, central charge, c-theorem, shear viscosity
1 Introduction
For two decades, the AdS/CFT correspondence [1]-[3] has been at the center of atten-
tion in theoretical physics. It not only provides tools for performing calculations in
strong coupling limit of field theories and condense matter phenomena, which otherwise
undoubtedly was horrible if not impossible, but also opens new windows to understand
different aspects of field theories and gravities as well. Much has been done for the
Einstein gravity in the AdS bulk and investigated its CFT dual on the boundary. In the
early of the AdS/CFT, the central charges of the boundary theory were found by the
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holography [4]. This was an important success which among others encouraged people
to develop the duality for more complicated and realistic theories. In 4 dimensions, it
is well known that CFT’s with Einstein gravity dual have two equal central charges a
and c [4, 5]. This means that the dual Einstein gravity gives information about a very
special class of CFT’s. To distinguish between central charges and explore more gen-
eral conformal theories, one may add higher curvature (or higher derivative) gravities,
which amongst them, the Gauss-Bonnet gravity serves as a simple model to study the
duality. It has important features as its equation of motion includes only the second
order derivatives, admits exact black hole solution and the corresponding dual theory
would be a CFT with two distinguished central charges a 6= c [6]. It is possible to
keep these advantages and add cubic curvature terms, the so called quasi-topological
gravity which of course doesn’t generally admit a second order differential equation
except for the AdS background which is in our interest [7, 8, 9]. The combination of
Gauss-Bonnet and cubic quasi-topological gravity has not yet any stringy derivation,
however as a toy model is rich enough to study different aspects of the dual conformal
theory [9].
On the other hand, several studies have been performed for decades to generalize the
graviton field to a massive one with different motivations from theoretical curiosity to
phenomenological model buildings (for a recent review see [10]). Indeed, the problem
of giving mass to the gravity is not an obvious one and was a challenge for several
years. The first attempt was by Fierz and Pauli [11] proposing a linear massive model.
Unfortunately, that doesn’t reduce to GR in the zero mass limit. Generalization to a
nonlinear model in [12] was stopped by Boulware and Deser (BD) when they showed
that this suffered from ghosts [13]. Finally in recent years, the BD ghost problem was
resolved in [14, 15, 16] by a nonlinear massive gravity. This theory provides a fixed
reference metric on which the massive gravity propagates. This breaks the general
covariance with applications in holographic models with momentum dissipation [17, 18].
Then it was extended to include dynamics of this reference metric in the context of
theories now known as bi-gravities [19, 20, 21] and higher dimensional massive graviton
term is discussed in [22]. Many recent works include this massive gravity in the higher
curvature gravities especially the Gauss-Bonnet (e.g., [23, 24, 25]) and various features
mostly in the gravity side and some in the dual theories are derived.
Here our aim is to tackle the theory including Gauss-Bonnet cubic quasi-topological
massive gravity. The important point about this combination is that while it has
the rich structure of higher curvature theories, the presence of a mass scale breaks
the conformal symmetry on the boundary. Indeed, the quantum field theory dual
to the Gauss-Bonnet theory is not well-known and there are doubts if it even exists
[26, 27]. This might be the case for a dual to the massive gravity. However, the
Gauss-Bonnet gravity is widely discussed in holographic literature at least as a toy
model or theoretical laboratory to study general aspects of quantum field theories or
CFT’s. In this direction, one may consider the addition of massive gravity as a relevant
perturbation of conformal symmetry. This may shed light on the boundary theory, if
any, away from the fixed point. By the way, we emphasize that this set up should be
considered as a toy model to study the holography.
In this regards, we assume a boundary theory dual to our bulk model in section
2. Firstly we derive the two-point function of the boundary energy-momentum tensor
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and show that it includes a massive operator on the boundary. We then look for an
a-theorem which is originally based on renormalization group flows [28, 29, 30, 31] and
indicates the truncation of degrees of freedom when going toward an IR fixed point.
In the context of AdS/CFT correspondence, a-theorems are introduced by considering
a generic background which asymptotes to AdS space [32, 33, 7, 34, 35, 36]. Then
the a-function approaches the a charge (not the c) in the AdS limit. The function
should be monotonically decreasing along the RG flow. This can be achieved by the
null energy condition. In our case, we show that the same null energy condition as the
massless theory gives the correct monotonic a-function.
In section 3, we introduce an exact black brane solution in this background and
derive its temperature and entropy then using the standard holographic methods to
find the viscosity to entropy ratio. It is worth noting that in a theory where the
translational symmetry is broken, e. g. by a mass term as in our case, the viscosity
can not be interpreted as a hydrodynamic transport coefficient. Instead it can be
considered as the rate of entropy production per the Planckian time due to a strain
[37] and can be derived from the Kubo formula (see Eq. (49))1. On the other hand, [40]
introduces a shear viscosity from hydrodynamic constitutive relations. Both quantities
approach the same viscosity in the massless limit. In our case we deal with the first
one, but sometimes we may call it simply ‘viscosity’ rather than the rate of entropy
production.
In the Einstein gravity with any matter content, the ratio η/s is found to be 1/4pi
[41]. It was proposed by the KSS that this is a lower bound for relativistic quantum
theories [42]. However, in the higher curvature gravities this bound is violated [43]. For
the massive gravity, the ‘viscosity’ was calculated in [23] and [37] as a deformation of the
metric component δgµν and shown that the naive bounds on η/s are violated. However,
[37] has different interpretation for the bound and argues that it is expected to exist
due to a basic quantum mechanical uncertainty. Here we apply this interpretation and
take η as the rate of entropy production and extend the calculation to include higher
curvature theories with mass term. The result may lower the ‘viscosity’ to entropy
ratio more than before.
In section 4, we discuss on some bounds on parameters space. We consider the
unitarity and causality bounds on the boundary theory.
2 Quasi-Topological Massive Gravity and Holog-
raphy
Let us start with a quasi-topological Gauss-Bonnet massive gravity in 5-dimensions
with a negative cosmological constant. The action is given by [8, 23],
1There are some articles, e.g. [38, 39], that take this later quantity to be same as the viscosity as a
transport coefficient. However, we take these two quantities be different.
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S =
1
2`3p
∫
d5x
√−g
(
R+
12
L2
+
λL2
2
LGB + 7
8
L4µL3 +m2
4∑
i=1
ciUi(g, f)
)
(1)
LGB = R2 − 4RµνRµν +RµνρσRµνρσ
L3 = R ρσµν R αβρσ R µναβ +
1
14
(21RµνρσR
µνρσR− 120RµνρσRµνραRσα
+ 144RµνρσR
µρRνσ + 128R νµ R
ρ
ν R
µ
ρ − 108R νµ R µν R+ 11R3)
where R is the scalar curvature, L the cosmological constant scale, f a fixed rank-2
symmetric tensor known as reference metric and m is the mass parameter. LGB and
L3 are respectively the Gauss-Bonnet and quasi-topology terms of gravity with λ and
µ their dimensionless couplings. A generalized version of the reference metric fµν was
proposed in [15] with the form fµν = diag(0, 0, c
2
0hij) with hij = δij/L
2. In (1), ci’s
are constants and Ui are symmetric polynomials of the eigenvalues of the 5× 5 matrix
Kµν =
√
gµαfαν ,
U1 = [K]
U2 = [K]2 − [K2]
U3 = [K]3 − 3[K][K2] + 2[K3]
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4] (2)
The square root in K means (√A)µν (
√
A)νλ = A
µ
λ and the rectangular brackets represent
traces [15].
The theory admits an asymptotic AdS solution as follows
ds2 = −r
2N(r)2
L2
f(r)dt2 +
L2dr2
r2f(r)
+ r2hijdx
idxj , (3)
where details of N and f functions are given in section (3). These details are not im-
portant for our purposes in this section and we restrict ourselves to the near boundary
behavior where limr→∞ f(r) = f∞ and limr→∞N(r)2f(r) = 1 which corresponds to
the following AdS background,
ds2 = − r
2
L2
dt2 +
L2dr2
r2f∞
+ r2hijdx
idxj , (4)
with the radius of curvature
L˜2 =
L2
f∞
(5)
f∞ is found from
1− f∞ + λf2∞ + µf3∞ = 0 (6)
A simple derivation is to take r →∞ limit of (45).
Then values of Ui in (2) are calculated as below,
U1 = 3c0
r
, U2 = 6c
2
0
r2
, U3 = 6c
3
0
r3
, U4 = 0
U ≡ m2
4∑
i=1
ciUi = m2
(3c0c1
r
+
6c20c2
r2
+
6c30c3
r3
)
(7)
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2.1 Holographic Picture on the Boundary
Here we try to shed light on the dual boundary picture, if any, by the standard
AdS/CFT prescription. Let’s start with the theory on AdSd+1 background and try
to find the correlation functions on the boundary. Since we are dealing with pure grav-
ity in the bulk, it is natural to look for energy momentum two-point function on the
boundary. In a conformal field theory, the symmetry dictates the form of two-point
function to be [44]
〈Tij(x)Tkl(x′)〉CFT = CT
(x− x′)8Iij,kl(x− x
′) (8)
where
Iij,kl(x) = 1
2
(Iik(x)Ijl(x) + Iil(x)Ijk(x))− 1
4
ηijηkl and Iij(x) = ηij − 2xixj
x2
. (9)
According to the AdS/CFT prescription, one should perturb the metric in the bulk
as gµν → gµν + hµν and solve the corresponding equation of motion for hµν subject to
the boundary condition h
(0)
µν . Then the quadratic part of the action gives the boundary
two-point function of the energy-momentum tensor. Of course this procedure involves
divergences and some regularization is needed. The new ingredient is the massive po-
tential (7) which, when multiplied by
√−g, is divergent in the near boundary limit.
However we argue that the overall action doesn’t need any mass dependent countert-
erm. So for our purposes, following [9], it is enough to consider hxy = r
2φ(r, z)/L2
perturbation in the AdS background and find the logarithmic behavior of the action
in the momentum space as given in the following. Consider the action in second order
of φ,
I2 =
1
2`3p
∫
d5x
(
Kr(∂rφ)
2 +Kz(∂zφ)
2 +Kmφ
2 + ∂rΓr + ∂zΓz
)
(10)
in which
Kr =− r
5
√
f∞
2L5
(1− 2λf∞ − 3µf2∞)
Kz =− r
2
√
f∞L
(1− 2λf∞ − 3µf2∞)
Km =− m
2c0r
4
√
f∞L3
(3c1r + 2c2c0) (11)
where Γz and Γr do not contribute to the equation of motion and their contributions
to the two-point function are canceled by a generalized Gibbons-Hawking boundary
term [9][45]. Take φ = eipzφp(r), one finds the equation of motion as,
φ′′p(r) +
5
r
φ′p(r)−
A2
r4
φp(r)− B
r3
φp(r) = 0 (12)
5
where
B =
3L2c0c1m
2
(1− 2λf∞ − 3µf2∞)
A2 =
L4(p2 + α2m)
f∞
α2m =
2c20c2m
2
L2(1− 2λf∞ − 3µf2∞)
(13)
The general solution can be found as
φp(r) = b2
e−
A
r
r4
1F1
(
B
2A
+
5
2
; 5;
2A
r
)
+ b1
e−
A
r
r4
U
(
B
2A
+
5
2
, 5,
2A
r
)
(14)
where U(a, b, x) and 1F1(a; b;x) are the Tricomi and the first kind confluent hyperge-
ometric functions, respectively. Applying the boundary condition of φp(r∞) = 1, we
take b2 = 0 and
b1 =
1
6
(A2 −B2)(9A2 −B2)Γ(−3
2
+
B
2A
)
Substituting in the action (10), and using the equation of motion, we find,
I2 =
1
2`3p
∫
d5x∂r (Krφ∂rφ)
=
b21
2`3p
∫
d5x∂r
[
KrU
(
B
2A
+
5
2
, 5,
2A
r
)
∂rU
(
B
2A
+
5
2
, 5,
2A
r
)]
(15)
Notice that in the first line, explicit dependence on the mass term disappears. This
explains why no new counterterm is needed for the massive potential. From (15), one
can derived the two point function 〈Txy(x)Txy(x′)〉 of the boundary theory. Of course,
the latter is not expected to be in conformal form in the presence of the mass term.
So we should reach to some deformation of (8).
i) c1 = 0:
For simplicity let us first take c1 = 0 which corresponds to B = 0 in (15). The
solution to the equation of motion reduces to the modified Bessel function of the second
kind with a momentum modification p2 → p2 + α2m in the solution of [9]:
φp(r)|B=0 = A
2
2r2
K2(
A
r
) (16)
Now plug in the action and look for r → ∞ behavior, beside the divergent terms, we
find the logarithmic part of the solution (14) as:
〈Txy(x)Txy(0)〉 = 1
8f
3/2
∞
L3
`3p
(1− 2λf∞− 3µf2∞)(p2 +α2m)2
(
log (p2 + α2m) +N
)
+O( 1
x2
)
(17)
where N is a constant number. On the other hand, the Fourier transform of the
two-point function (8), based on a CFT, read as [44]:
〈TxyTxy〉(CFT )(p) =
CT
640
p4
∫
d4x
eip·x
x4
=
pi2CT
640
p4 log p2 + · · · (18)
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where · · · stands for analytic terms in p. Comparison with (17) shows the replacement
of p2 → p2+α2m which indicates the deviation from conformal symmetry by the dimen-
sionful parameter m2. In terms of the inverse Fourier transform of (17), considering
only the logarithmic term, we find2
〈TxyTxy〉(p) = 1
8f
3/2
∞
L3
`3p
(1− 2λf∞ − 3µf2∞)p4
∫
d4x
e−αmxeip·x
x4
(19)
where the p4 factor stands for the tensorial part of the correlation function. One can
read CT in (18) from (19) which gives the central charge of the CFT,
c =
pi4
40
CT =
pi2
f
3/2
∞
L3
`3p
(1− 2λf∞ − 3µf2∞). (20)
The exponential factor e−αmx shows the deviation from conformal invariance by a
massive relevant operator with mass αm.
ii) c1 6= 0:
In this case, similar calculation gives the logarithmic part of the energy-momentum
two point function,
〈Txy(x)Txy(0)〉 = 1
72L5
√
f∞(1− 2fλ− 3f2µ)(9A2−B2)(A2−B2) log (p2 + α2m) (21)
In contrast to B = 0, it is more difficult to find the inverse Fourier transform and
extract the correct tensorial behavior. However, the shift in p2 indicates a factor of
e−α˜mx which in turn predicts presence of a massive operator on the boundary.
2.2 The a-theorem
In this subsection we are looking for a possible a-theorem in the context of the massive
gravity. For a moment consider m = 0 and start from a conformal field theory where in
4-dimensions, it includes two central charges, c and a which can be derived by putting
the conformal field theory on a curved background. Then the trace read as,
< T ii >=
c
16pi2
I4 − a
16pi2
E4 (22)
I4 = RijklR
ijkl − 2RijRij + 1
3
R2 (23)
E4 = RijklR
ijkl − 4RijRij +R2 (24)
where E4 and I4 are respectively the Euler density and the Weyl tensor squared. In
the standard method for deriving central charges, one considers the Fefferman-Graham
expansion of the metric near the boundary as [4]
ds2 =
L˜2
4ρ2
dρ2 +
gab
ρ
dxadxb (25)
2Here we assumed α2m > 0. For α
2
m < 0, sin(αmx) instead of exp(−αmx) appears.
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where the boundary is at ρ = 0 and
gab = g(0)ab + ρg(1)ab + ρ
2g(2)ab + · · · (26)
in which next to the leading terms are determined by the EoM’s. However, starting
with a general background in a higher curvature theory is very difficult. Instead there
is a nice trick by [46] as taking the boundary metric to be,
ds2 = u(1 + αρ)(−r2dt2 + dr
2
r2
) + v(1 + βρ)(dθ2 + sin2 θdφ2) (27)
This is indeed the AdS2×S2 background with α and β as perturbations which can be
found from the EoM. It is known that the trace anomaly is found by the logarithmic
part of the action as follows
ILn = −1
2
∫ √
g0 < T
i
i > (28)
where Ln subscript means the logarithmic divergent part. Now simply extremize the
action with respect to α and β and plug them back to the action, one can easily read
the central charges as coefficients of I4 and E4 where they appear as
I4 =
4
3
(
1
u2
+
1
v2
− 2
uv
)
, E4 = − 8
uv
. (29)
So final form of the trace anomaly would be
< T ii >=
c
12pi2
(
1
u2
+
1
v2
− 2
uv
)
+
a
2pi2
1
uv
(30)
By this procedure, central charges can be found as [9],
c =
pi2
f
3/2
∞
L3
`3p
(1− 2λf∞ − 3µf2∞)
a =
pi2
f
3/2
∞
L3
`3p
(1− 6λf∞ + 9µf2∞) (31)
Now consider the massive gravity. At the first glance introducing a mass scale
seems to ruin the scale invariance of the theory and one may expect a non-zero energy-
momentum trace because of explicit scale symmetry breaking. This is in addition to
the conformal trace anomaly and some deviation from the functional form of (30) is
expected. Now the question is how the flow behavior out of the conformal fixed point.
This can be studied by the so-called c or a-theorem of [34] and we are going to consider
it in the context of massive gravity.
In any a-theorem, the task is to find a monotonically decreasing function of the
scale which matches with the central charge at the fixed point. In holography, most of
a-theorems are based on the null energy condition in the bulk theory [47, 35, 36]. Let
us consider it for the massive gravity. We start with the following metric,
ds2 = e2A(r)
(−dt2 + d~x2d−1)+ dr2 (32)
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In the large r limit, we assume A(r) = r/L˜ and the metric becomes asymptotically
AdS. Suppose a theory consisted of the action (1) as the gravity part with some matter
source not included there, then the generalized Einstein equation has the following
form,
Gµν − 6
L2
gµν +Hµν + Zµν +Mµν = Tµν (33)
where G is the Einstein tensor and H, Z and M are respectively variations of Gauss-
Bonnet, quasi-topological and massive terms.
Now let us turn to the reference metric which indeed can be considered as a sort of
coupling in the action. We take fµν to be fixed and the same as the beginning of this
section,
fabdx
adxb =
c20
L2
(
dx21 + dx
2
2 + dx
2
3
)
. (34)
Now we introduce the a-function through,
a′(r) =− 3pi
2
`3pA
′(r)4
A′′(r)
(
1− 2λL2A′(r)2 − 3µL4A′(r)4)
=− pi
2
`3pA
′(r)4
(
T tt − T rr
) ≥ 0. (35)
The second equality comes from the equation of motion and the inequality indicates
the null energy condition for the matter field energy-momentum tensor. A simple
integration of the above function gives
a(r) =
pi2
`3pA
′(r)3
(
1− 6λL2A′(r)2 + 9µL4A′(r)4) (36)
In the UV limit, we have the AdS background where A(r) ∼ r/L˜, then the a central
charge previously introduced in (31) will be recovered which is exactly the Euler density
coefficient in the trace anomaly (22). Notice that this analysis is in the presence of
the mass term in the action and gives the same functional form as in the literature for
massless case [34]. This follows from the fact that the null energy condition used in (35)
was based on ξµ(1)ξ
ν
(1)Tµν ≥ 0 with ξ(1) = (e−A(r), 0, 0, 0, 1) which has no component in
non-vanishing directions of the reference metric.
3 Quasi-Topological Black Brane in Gauss-Bonnet
Massive Gravity
In this section, we study a black brane solution to the action (1). We derive its metric,
temperature and the entropy, then compute the rate of entropy production due to a
strain which in the massless limit corresponds to viscosity of the hydrodynamic limit
of the dual theory on the boundary.
9
3.1 The black brane solution
We consider the following ansatz for the metric of five-dimensional planar AdS black
brane,
ds2 = −r
2N(r)2
L2
f(r)dt2 +
L2dr2
r2f(r)
+ r2hijdx
idxj , (37)
A generalized version of the reference metric fµν was proposed in [15] with the form
fµν = diag(0, 0, c
2
0hij), where hij =
1
L2
δij .
The values of Ui in (2) are calculated as below,
U1 = 3c0
r
, U2 = 6c
2
0
r2
, U3 = 6c
3
0
r3
, U4 = 0 (38)
Inserting this ansatz into the action (1) yields,
I =
1
2`3p
∫
d5x
3N(r)
L5
d
dr
[
r4
(
1− f(r) + λf(r)2 + µf(r)3 + Υ(r)
r4
)]
(39)
in which
Υ(r) = r40
(
1
3
m1
r3
r30
+m2
r2
r20
+ 2m3
r
r0
)
(40)
m1 =
m2L2c0c1
r0
, m2 =
m2L2c20c2
r20
, m3 =
m2L2c30c3
r30
(41)
where mi’s are dimensionless mass parameters.
By variation of N(r) we have [8],
d
dr
[
r4
(
1− f(r) + λf(r)2 + µf(r)3 + Υ
r4
)]
= 0 (42)
f is given by solution of the following equation,
r4
(
1− f(r) + λf(r)2 + µf(r)3 + Υ
r4
)
= b4 (43)
in which b is a constant of motion and can be determined as a function of the radius
of horizon at which f(r0) = 0:
b4 = r40 + Υ0 (44)
where Υ0 = Υ(r0), then
1− f(r) + λf(r)2 + µf(r)3 = r
4
0
r4
+
Υ0 −Υ(r)
r4
(45)
That’s easy to show N(r) is constant by variation of f(r) from (39). The speed of
light in the boundary CFT is simply c = 1, thus we have limr→∞N2f(r) = 1 so we
take N = 1/
√
f∞.
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The temperature and the Hawking-Bekenstein entropy density can be found as [48],
T =
1
2pi
[
1√
grr
d
dr
√−gtt]|r=r0 =
r20
4piL2
√
f∞
df
dr
|r=r0 =
r0
piL2
√
f∞
(1 +M1) (46)
s =
1
2`3p
4pi
V
∫
d3x
√−g = 2pi
(
r0
`pL
)3
. (47)
where in the first line we used (45) to find dfdr |r=r0 with
M1 =
1
4
(m1 + 2m2 + 2m3) (48)
3.2 The rate of entropy production
As explained in the introduction, the concept of viscosity as a hydrodynamic trans-
port coefficient is ill-defined when translational invariance is violated. Authors of [37]
suggested that the right quantity to be the rate of entropy production per Planckian
time due to a strain (e.g. δgxy) and can be derived from the Kubo formula as,
η = lim
ω→0
1
ω
GRTxyTxy (49)
where GR is the retarded Green’s function for the stress tensor. Nonetheless, finding
this quantity which in the following for simplicity we call it the shear viscosity, is a
challenge in any massive gravity. While in a massless theory, the translational invari-
ance implies a trivial flow for the metric perturbation and leads to a simplification by
which the calculation can be done completely in terms of the horizon information [49].
In contrast, viscosity was found in massive gravity in the Einstein [37] (see also [50])
and Gauss-Bonnet theories [23]. The calculation in [37] is based on the analysis in [51]
where the retarded Green’s function was found for a massive scalar field in the bulk.
The result can be written as
η
s
=
1
4pi
φ20 (50)
where φ0 is the zero frequency of the metric perturbation δg
y
x at the horizon. For a
massless field the translational invariance implies a trivial flow from horizon to bound-
ary. The massless scalar field is therefore a constant everywhere and equals to its
boundary value φ0 = 1. So the KSS bound is saturated in this case as η/s = 1/(4pi).
However, in the massive case the translational symmetry no longer exists and one ex-
pects a nontrivial φ0. In [37], φ0 was found both perturbatively and numerically for
massive gravity in 4 dimensions. It was shown that for the range of parameters where
the model is stable, φ20 factor is smaller than one which indicates the violation of the
KSS bound.
In our previous work in [23], we calculated the viscosity in the massive Gauss-Bonnet
gravity by the direct application of Green-Kubo formula, of course in the special case
of m1 = m2 = 0 while m3 6= 0. We are now going to generalize the formalism to
include more general massive higher curvature theories with two derivatives equation
of motions. We take the advantage of pole method of [52] which can be generalized for
a massive field as we discuss shortly.
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Study of the hydrodynamics for a massive field was considered in [51]. The analysis
is based on the following second order action which can be derived from the original
higher curvature action by considering a suitable metric perturbation as δgyx = φ(r)eiωt,
S =
∫
d5x
√−g
q(r)
(grrφ′2 + E2φ2) (51)
where ′ indicates the derivative with respect to r and E2 is the summation of a term in
order of ω2 and a mass term. Here we provide q(r) as an effective r-dependent coupling
which encodes the higher curvature nature of the theory. This is in the spirit of [49].
Following the procedure of [51], the final result for the viscosity is as follows,
η
s
=
1
4piq(r0)
φ0(r0)
2 (52)
where φ0 denotes the zero frequency mode and is computed at the horizon. The new
ingredient is the effective coupling q(r0). For a Gauss-Bonnet gravity it is well-known
to be 1/q(r0) = (1− 4λ) (see also [49]).
To compute this effective coupling in a higher derivative gravity, one can use the
prescription of pole method in [52] which was originally devoted to the massless the-
ories, since it relies on finding the viscosity by a trivial flow and only depends on the
horizon information. In our prescription, the pole method is used to find the effective
coupling and it works at least for higher curvature theories with second order differen-
tial equation of motion, e.g. Gauss-Bonnet, cubic or higher quasi-topological theories
of gravity [53]. This statement comes from the fact that effective coupling in (51)
represents the higher curvature nature of gravity and does not explicitly depends on
the mass term. It therefore can be found by setting m = 0 and use the pole method
for the viscosity. It follows that
η0 = −8piT lim
ω,→0
Resz=0L0
ω22
(53)
where index 0 means the zero mass limit and z = 1 − r20/r2 is a new coordinate, so
that the horizon and boundary are at z = 0 and z = 1, respectively. Comparing (53)
and (52) one finds that the effective coupling can be found from the pole method as
given in (55).
The procedure is as follows. Take the metric perturbation to be φ = φ0(z)e
iωt.
The general form of the second order action for second derivative theories are
S =
∫
d5x(K1φ
′2 +K2φ2) (54)
It is important to note that the effective coupling is encoded in K1 term which its
dependence on mass parameter is implicit. Whereas the massive term is explicit in K2
term. So if we follow the prescription of [52] we find,
1
q(0)
= −16piT
(
`pL
r0
)3
lim
ω,→0
Resz=0L0
ω22
(55)
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where L0 indicates the total Lagrangian excluding the √−gU term,
L0 =
√−g
(
R+
12
L2
+
λL2
2
LGB + 7
8
L4µL3
)
(56)
Let us apply this prescription to our theory. Firstly, the unperturbed metric read
as
ds2 =
r20
L2(1− z)
(
−f(z)
f∞
dt2 + dx21 + dx
2
2 + dx
2
3
)
+
L2
4f(z)
dz2
(1− z)2 (57)
then we can perturb the metric by the following shifting:
dx1 → dx1 + φdx2
The corresponding perturbed metric follows,
ds2 =
r20
L2(1− z)
(
−f(z)
f∞
dt2 + dx21 + (1 + 
2φ2)dx22 + 2φdx1dx2 + dx
2
3
)
+
L2
4f(z)
dz2
(1− z)2
(58)
then,
K = c0
√
1− z
r0

0 0 0 0 0
0 0 0 0 0
0 0
(
1 + 38
2φ2
) −12φ 0
0 0 −12φ
(
1− 182φ2
)
0
0 0 0 0 1

and the massive term in the Lagrangian up to second order is,
√−gU =3H
2
(
m1 + 2m2
√
1− z + 2m3(1− z)
)
+
H
8
(
m1 + 2m2
√
1− z) 2φ2 +O()3
(59)
where
H =
r40
L5
√
f∞(1− z)5/2
. (60)
Taking φ = φ0(z) exp
−iωt, the shear viscosity can be found from (52) and (55) as
follows
η = −8piT lim
ω,→0
Resz=0L0
ω22
φ0(0)
2 (61)
= −8piT lim
ω,→0

Resz=0
√−g
(
R+ 12
L2
+ λL
2
2 LGB + 78L4µL3
)
ω22
φ0(0)2 (62)
It can be found as
η =
r30
2`3pL
3
[
1− 2λf ′0 − 9µ(f
′2
0 + 2f
′′2
0 + 2f
′
0(f
′′′
0 − 3f
′′
0 ))
]
φ0(0)
2 (63)
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where f
(n)
0 = d
nf(z)/dzn|z=0 are derivatives of f at horizon. The above equation is the
same as [9] up to φ0(0)
2 factor. This is natural, since as stated above it includes the
effective coupling and does not explicitly depend on mass parameter which is implicit
in f ’s derivatives. In [9] the φ0(0)
2 factor is one due to translational invariance in the
massless theory.
Let us forget the φ0(0)
2 factor for a while and derive the f derivatives in (63) from
(45) after rewritten in z-coordinate,
f(z)− λf2(z)− µf3(z) = z(2− z)
(
1 +
Υ0
r40
)
− Υ0
r40
+ Z(z) (64)
where
Z(z) ≡(1− z)
2
r40
Υ(z)
=
1
3
m1
√
1− z +m2(1− z) + 2m3(1− z)3/2 (65)
then
f ′0 = 2
(
1 +
Υ0
r40
)
+ Z ′0 = 2(1 +M1)
f
′′
0 = 2λf
′2
0 − 2
(
1 +
Υ0
r40
)
+ Z ′′0 = 2λf
′2
0 − 2 +M2
f
′′′
0 = 6λf
′
0f
′′
0 + 6µf
′3
0 + Z
′′′
0 = 6λf
′
0f
′′
0 + 6µf
′3
0 +M3
(66)
in which
M1 =
1
4
(m1 + 2m2 + 2m3) , M2 =
1
4
(3m1 + 8m2 + 10m3) , M3 =
1
8
(−m1 + 6m3)
(67)
then
4piη
s
=
[
1− 4(1 +M1)λ− 36µ
(
9 + 8M1 +M
2
1 − 5M2 − 3M1M2 +
M22
2
+M3 +M1M3
− 4(1 +M1)2(6M1 − 5M2 + 16)λ+ 128(1 +M1)4λ2 + 48(1 +M1)4µ
)]
φ0(0)
2
=
[
1− 4λ˜− 36µ
(
9 + 8M1 +M
2
1 − 5M2 − 3M1M2 +
M22
2
+M3 +M1M3
− 4(1 +M1)(6M1 − 5M2 + 16)λ˜+ 128(1 +M1)2λ˜2 + 48(1 +M1)4µ
)]
φ0(0)
2
(68)
with λ˜ = (1 + M1)λ. Taking massless limit by Mi = 0 for which we know φ0(0)
2 = 1
and get,
4piη
s
= 1− 4λ− 36µ(9− 64λ+ 128λ2 + 48µ2) (69)
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which is the same as result of [9]. If otherwise we put µ = 0 in (68),
4piη
s
= (1− 4λ˜)φ0(0)2 = (1− 4(1 +M1)λ)φ0(0)2
= (1− 4piL
2
√
f∞T
r0
λ)φ0(0)
2 (70)
This matches with [23] up to φ0(0)
2 factor. We will comment on this discrepancy soon.
Checking this result for Einstein massive gravity we set λ = µ = 0 in (68) and find
η/s = φ0(0)
2/(4pi). The result is the same as [37].3
Finding φ0(0)
2:
It is now time to find φ0 which is solution of the following second order equation derived
from action (54):
(K1φ
′
0)
′ −K2φ0 = 0 (71)
where ′ denotes derivative with respect to z and
K1(z) =
8f(z)
1− z
[
− 1 + 3µf(z)2 + 9(z − 1)2µf ′(z)2 + 2f(z)
(
λ− 3(z − 1)µf ′(z)
)
+ 18(z − 1)4µf ′′(z)2 + 2(z − 1)f ′(z)
(
λ− 27(z − 1)2µf ′′(z)− 9(z − 1)3µf (3)(z)
)]
K2(z) =
m1
√
1− z + 2m2(1− z)
(1− z)3 (72)
where we put ω = 0 in K2. φ0 is subjected to two boundary conditions which are the
regularity at the horizon and φ0(1) = 1 on the boundary.
Let us firstly consider a special case where m1 = m2 = 0 while m3 6= 0. This gives
K2 = 0 and the only regular solution is the constant one φ0(0) = 1. This matches
exactly with our previous work [23] for massive Gauss-Bonnet gravity in which we
considered m1 = m2 = 0.
Nonetheless, for a general case it would be very hard, if not impossible to find an
exact solution or any shortcut to find the horizon value of φ0(0). So we perform a
numeric solution. It will be helpful to look at near the horizon behavior. Regarding
the regularity of φ0(z), we consider the following Taylor’s expansions around z = 0.
φ0(z) = a0 + a1z +
1
2
a2z
2 + · · · ,
K1(z) = b1z +
1
2
b2z
2 + · · · ,
K2(z) = d0 + d1z +
1
2
d2z
2 + · · · . (73)
where a0 = φ0(0) and bi’s and di’s can be read from (72). Inserting (73) expansions
into equation of motion (71), one finds
a1 =
d0
b1
a0
a2 =
b1d1 + d
2
0 − b2d0
2b21
a0 (74)
3In [50], applying Petrov-like boundary condition leads to the KSS saturated bound η/s = 1/4pi. Here
we are using the Dirichlet boundary condition and regularity on horizon which corresponds to [37].
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These two coefficients help us in applying the boundary condition at the horizon for
our numerical analysis. We also recall that the couplings are constrained by unitarity,
causality, and positivity of energy fluxes in the dual conformal field theory. It turns
out that it must be [9],
−7/36 . λgb . 9/100
|µ| < 0.001 (75)
Figure 1 displays the profile of φ0(z) from the horizon to boundary for different values
0.2 0.4 0.6 0.8 1.0
z
0.2
0.4
0.6
0.8
1.0
f
m1=-4
m1=-3
m1=-2
m1=-1
Figure 1: φ0(z) versus z between the horizon and boundary, 0 ≤ z ≤ 1. We set µ = 0.001
and m2 = m3 = 0. m1 varies from -4 to -1 from bottom to top.
of m1 where by (46) and setting m2 = m3 = 0, it indeed shows different temperatures
with m1 = −4 corresponding to zero temperature.
Figure 2 shows the φ0(0)
2 factor and 4piη/s as functions of dimensionless mass
parameter m1 with different Gauss-Bonnet coupling λ. It indicates that for negative
m1 which is in the physical range (see the next section), the φ0(0)
2 factor is less than
one, while for positive m1 is greater than one irrespective of the sign of λ. This is in
agreement with results and general arguments given by [37].
4 Physical constraints
Here we check some physical conditions on our parameters. The first one is unitarity
which means that the norm of the energy momentum two-point function (19) is positive.
Therefore, the c-central charge should be positive, then
1− 2λf∞ − 3µf2∞ > 0 (76)
We have from (45)
Γ˜(f) ≡1− f(r) + λf(r)2 + µf(r)3 − r
4
0
r4
− Υ0 −Υ(r)
r4
(77)
−Γ˜′(f∞) =1− 2λf∞ − 3µf2∞ > 0 (78)
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Figure 2: φ0(0)
2 factor (top) and 4piη/s (bottom) as functions of dimensionless mass param-
eter m1 with different Gauss-Bonnet coupling λ. We set µ = 0.001 and m2 = m3 = 0.
This is exactly the ghost free condition for the graviton propagating on an AdS back-
ground [8].
The next constraint comes from the causality in the CFT. This is nontrivial since
the 4-dimensional Lorentz symmetry is broken by the black hole background as well
as by the reference metric. To investigate this, we consider the front velocity of signals
in the dual CFT determined by vfront = lim
|q|→∞
Re(ω)
q which corresponds to the phase
velocity of the short wavelength modes. So the necessary condition for causal behavior
is vfront 6 1. Define a new coordinate ρ = r0r the metric (37) becomes as follows,
ds2 =
r0
2
L2ρ2
(
− f(ρ)
f∞
dt2 + dx21 + dx
2
2 + dx
2
3
)
+
L2dρ2
ρ2f(ρ)
(79)
One can find linearized equations of motion by perturbing the metric with hx1x2 =
r20
L2ρ
e−iωt+iqx3φ(ρ), as follows,
∂ρ
(
C(2)(ρ, q2)∂ρφ(ρ)
)
+ C(0)(ρ, q2, ω2)φ(ρ) + C(m)(ρ,m2)φ(ρ) = 0 (80)
The radial derivatives can be ignored since we are in the large momentum and frequency
limit. Moreover the C(m) term comes from the mass term which doesn’t involve any
derivative so independent of q2 and ω2. We therefore ignore the C(m) as well. In this
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way, we find linearized equation as in the massless case [9]4. It reduces to the following
equation where only terms proportional to q2, ω2 and their higher degrees are survived
in the short wavelength limit,
0 = ω2
(
1− 2λf(ρ) + ρλf ′(ρ)
)
− f(ρ)
f∞
q2
(
1− 2λf(ρ) + 2ρλf ′(ρ)− ρ2λf ′′(ρ)
)
− 3µω2
[
f(ρ)
(
f(ρ)− ρf ′(ρ) + 3
2
ρ3f (3)(ρ) +
3
4
ρ4f (4)(ρ)
)
+
3
8
ρ2f ′(ρ)
(
ρf ′′(ρ) + ρ2f (3)(ρ)
)
+
3
8
ρ4f ′′(ρ)2
]
+ 3µ
f(ρ)
f∞
q2
[
f(ρ)
(
f(ρ)− 2ρf ′(ρ) + ρ2f ′′(ρ)− 3
2
ρ3f (3)(ρ)− 3
4
ρ4f (4)(ρ)
)
1
4
ρ2f ′(ρ)
(
4f ′(ρ)− 3ρf ′′(ρ)− 3ρ2f (3)(ρ)
)]
− 6µρ2 f(ρ)
f∞
q2f ′′(ρ)
(
ω2 − f(ρ)
f∞
q2
)
(81)
Let us proceed step by step from the Einstein gravity where λ and µ vanish. We thus
have,
v2f ≡ lim
q2→∞
ω2
q2
=
f(ρ)
f∞
, (82)
where f∞ = 1 and
f(ρ) = 1 +
1
3
m1ρ+m2ρ
2 + 2m3ρ
3 − ρ4 (83)
For massless case it satisfies the causality condition, while in the massive gravity, the
dominant term near the boundary is m1 and should be negative to achieve the causality
v2f < 1. One may set m1 = 0, then m2 should be nonpositive and so on for m3.
In the second step, consider the Gauss-Bonnet gravity, i.e. λ 6= 0 and µ = 0. Then
only the first line of (81) is nonvanishing. We may insert
f(r) = f∞ + f ′(0)ρ+
1
2
f ′′(0)ρ2 +
1
6
f (3)(0)ρ3 +
1
24
f (4)(0)ρ4 + · · · (84)
where f derivatives can be found by (43) rewritten in ρ = r0/r coordinate. Then
v2f =
f(ρ)
f∞
[
1 +
m1λρ
3k2
+
m21λ
2ρ2
9k4
−
(6m3λ
k2
+
2m1m2λ
2
k4
+
5m31λ
3
27k6
)
ρ3
]
+O(ρ4) (85)
where k = 1 − 2λf∞. Near horizon the causality requires m1λ ≤ 0. In the case of
m1 = 0, the m3 term in the bracket survives and gives m3λ > 0.
The final stage is the full theory including the quasi-topological term. In the large
momentum limit, the dominant term is the last line of (81). This is the same as
Einstein gravity, this time including λ and µ,
v2f =
f(ρ)
f∞
=1 +
m1ρ
3f∞(1− 2λf∞ − 3µf2∞)
+
m21(λ+ 3µf∞) + 9m2(1− 2λf∞ − 3µf2∞)2
9f∞(1− 2λf∞ − 3µf2∞)3
ρ2 +O(ρ3) (86)
4Notice we differ from [9] by choosing ρ = r0r instead of ρ =
r0
2
r2 . A simple change of variable transforms
our linearized equations to those of [9].
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Since (1 − 2λf∞ − 3µf2∞) is proportional to the central charge, it is positive by the
unitarity. Thus for small ρ, m1 should be non-positive. If we consider m1 = 0, then
v2f =
f(ρ)
f∞
= 1 +
m2
f∞(1− 2λf∞ − 3µf2∞)
ρ2 +O(ρ3) (87)
leads to m2 ≤ 0. We can go further and set m1 = m2 = 0, then we need to expand the
front velocity to order ρ3,
v2f = 1 +
2m3
f∞(1− 2λf∞ − 3µf2∞)
ρ3 +O(ρ4) (88)
This implies m3 ≤ 0. In summary, causality indicates mass parameters to be nonposi-
tive. This can be seen as ci ≤ 0 in the action (1). By the way, mi’s are bounded below
by requiring the temperature to be nonnegative, so from (46),
1 +M1 ≥ 0⇒ m1 + 2m2 + 2m3 ≥ −4 (89)
5 Conclusion
The higher curvature gravities are important in the holographic study of conformal
field theories. In contrast to Einstein gravity which duals to four dimensional CFT’s
with equal central charges, higher curvature theories provide dual CFT’s with two dis-
tinguished charges. A fundamental higher derivative gravity is expected to be derived
from a string theory calculation, however the Gauss-Bonnet and cubic quasi-topological
higher curvature gravities may be considered as toy models with rich structure to inves-
tigate the dual quantum field theory on the boundary [7, 8, 9]. Of course, the existence
of a dual theory to the Guass-Bonnet gravity is under question [26, 27], however, we
merely considered it as a toy model.
Here we studied a higher curvature massive gravity. The latter is important as
generalization of the Einstein gravity and has phenomenological applications and the-
oretical consequences. It is known that when one considers massive gravity as a bulk
theory in the context of AdS/CFT correspondence, the boundary theory violates the
Lorentz invariance [17, 18]. This is related to introducing the reference metric. Here
we investigated the conformal structure of the boundary theory, if any. It was shown
that adding a mass term to the bulk is equivalent to existence of a massive operator on
the boundary. It appears like a short range Yukawa potential in the energy-momentum
two-point function. The constant coefficient of this two-point function is proportional
to the c central charge and remains intact in the massive theory. Based on the null
energy condition, we introduced a monotonically a-function which is a candidate for
an a-theorem.
In the second part of this article, we worked out an exact black brane solution. We
derived the temperature to be mass dependent. Then we considered the hydrodynamic
limit in the dual theory and calculated the shear viscosity to the entropy density, η/s
which is better to be interpreted as the rate of logarithm of the entropy production
due to a strain. We found in (61) that it includes two factors, an effective coupling
due to higher curvature terms and an extra factor φ0(r0)
2 from the massive gravity
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which we found it numerically. This later factor is less than one in the physical range
of parameters which indicates that generally the graviton mass effect is reduction of
the viscosity.
At the final stage, we investigated physical constraints as unitarity, ghost free and
causality. The latter set condition on mass parameters c1, c2 and c3. It was found that
c1 ≤ 0, if c1 = 0 then c2 ≤ 0 and so on. Of course, they are bounded from below due
to non-negativity of temperature (89).
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